The purpose of this paper is to generalize some integral inequalities in two independent variables with delay which can be used as handy tools in the study of certain partial differential equations and integral equations with delay. An application is given to illustrate the usefulness of our results.
Introduction
The integral inequalities which provide explicit bounds on unknown functions play an important role in the development of the theory of differential and integral equations. The Gronwall-Bellman inequality and its various linear and nonlinear generalizations are crucial in the discussion of the existence, uniqueness, continuation, boundedness, oscillation and stability, and other qualitative properties of solutions of differential and integral equations. The literature on such inequalities and their applications is vast; see [-] and the references given therein.
In [] Ferreira and Torres, have discussed the following useful nonlinear retarded integral inequality:
f (t, s)η u(s) ω u(s) + g(t, s)η u(s) ds.
Motivated by the results obtained in [, ] and [] we establish a general two independent variables retarded version which can be used as a tool to study the boundedness of solutions of differential and integral equations.
Main results
In what follows, R denotes the set of real numbers, 
and
Theorem . Let u, a, f , α, and β be as in Lemma
Further ψ, ω, η ∈ C(R + , R + ) be nondecreasing functions with {ψ, ω, η}(u) >  for u > , and
where G and p are as in (A  ), and
The proof of the theorem will be given in the next section. 
Corollary . Let the functions u, a, f , σ  , σ  , α, and β be as in Theorem .. Further q, p, and r are constants with p > , r >  and q > p + r.
where
and 
and F  , p  are as in Theorem . and (x  , y  ) ∈ is chosen so that
Corollary . Let u, f , σ  , σ  , a, α, β, and ω be as in Theorem . and q > p >  be constants. If u(x, y) satisfies
and keeping y fixed in Corollary ., we obtain Theorem . of [].
Proof of theorems
Proof of Lemma . First we assume that a(x, y) > . Fixing an arbitrary (x  , y  ) ∈ , we define a positive and nondecreasing function z(x, y) by
and then we have
Keeping y fixed, setting x = s, integrating the last inequality with respect to s from  to x, and making the change of variable s = α(x) we get
Since (x  , y  ) ∈ is chosen arbitrary,
So from the last inequality and (.) we obtain (.). If a(x, y) = , we carry out the above procedure with >  instead of a(x, y) and subsequently let → . 
Proof of Theorem
Keeping y fixed, setting x = s integrating the last inequality with respect to s from  to x, and making the change of variable s = α(x) we get
Since (x  , y  ) ∈ is chosen arbitrarily, the last inequality can be rewritten as
Since p(x, y) is a nondecreasing function, an application of Lemma . to (.) gives us
From (.) and (.) we obtain the desired inequality (.). Now we take the case a(x, y) =  for some (x, y) ∈ . Let a (x, y) = a(x, y)+ , for all (x, y) ∈ , where >  is arbitrary, then a (x, y) >  and a (x, y) ∈ C( , R + ) be nondecreasing with respect to (x, y) ∈ . We carry out the above procedure with a (x, y) >  instead of a(x, y), and we get
Letting →  + , we obtain (.).
(A  ) Assume that a(x, y) > . Fixing an arbitrary (x  , y  ) ∈ , we define a positive and nondecreasing function z(x, y) by
By the same steps as the proof of Theorem .(A  ), we obtain
We define a nonnegative and nondecreasing function v(x, y) by
and then
Fixing y and integrating the last inequality with respect to s = x from  to x and using a change of variables yield the inequality
From (.)-(.), and since (x  , y  ) ∈ is chosen arbitrarily, we obtain the desired inequality (.). If a(x, y) = , we carry out the above procedure with >  instead of a(x, y) and subsequently let → .
Proof of Corollary . (B  ) In Theorem .(A  ), by letting ψ(u) = ω(u) = u p , we obtain
and hence
From equation (.), we obtain the inequality (.).
we obtain the inequality (.). 
Proof of Corollary
Keeping y fixed, setting x = s and integrating the last inequality with respect to s from  to x and making the change of variable, we obtain
Since (x  , y  ) ∈ is chosen arbitrary, the last inequality can be restated as 
An application
In this section, we present an application of our results to the qualitative analysis of solutions to the retarded integro differential equations. We study the boundedness of the solutions of the initial boundary value problem for partial delay integro differential equations of the form 
